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XV, On the Method of determining, from the real Probabilities
of Life, the Values of contingent Reverfions in which Three
Lives are involved in the Surviverfbip. By Mr. William
Morgan, F. R. S,

Read May 26, 1791.

AVING been encouraged to the further purfuit of the

do&rine of f{urvivorthips by the very honourable man-
ner in which my two former Papers on this fubje were
received by the Royal Society, I think it my duty to fubmit
the refult of my labours to their confideration. The folutions
of fome of the following problems might have been derived
from thofe which I have already communicated ; but the dire&t
inveftigation of each feparate problem being certainly more
fatisfaCtory, and the rules obtained by this means in general
more fimple, I have confidered no problem as conneted with
another, except the relation between them either immediately
arifes from the folution, or 1s neceflary to prove the truth of
it.  Being anxious to render myfelf as concife as poffible, I
have been minute only in the inveftigation of the firft pro-
blem, and have done little more than ftate the contingencies
which will determine the furvivorfhip in the others. By the
afliftance, however, of thefe, and the operations which are
detailed in my former Papers, the theorems which I have given

may be deduced without much difficulty,
In
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In order to prevent unneceflary repetitions, it may not be

improper to begin with explaining the different {fymbols which.
are ufed in the following pages. ‘

g’ denote the value of an annuity on the refpe@ive lives
’ of A, B, or C.

‘D, denotes the value of S on the contingency of C’s fur-
viving A (by my 2d prob. Vol. LXXVIII).
E, denotes the fame value on the contmgency of B’s fur'-a
viving A, found by the fame problem.
F, denotes the value of an annuity ona life one year younger
than B.
G, denotes the value of the abfolute reverfion of S after the
death of A.
- H, denotes the value of an annuity on a life one year younger
than A.
v K, denotes the value of an annuity on a life one year younger
than C.
L, denotes the value of an annmty on the longeft of the
three lives of ‘A, B, and C.
M, denotes the value of S by the firft problem on the con-
tingéncy that A’s life thall be the fir# that fails.
N, denotes the value of an annuity on a life one year older
than A.
- P, denotes the value of an annuity on a life one year older
than B.
'R, denotes the value of S on the contingency of B’s dying
after A (by my 3d prob. Vols LXXVIII).
S, denotes the given fum.
T', denotes the value of an annuity on a life one year older
than C.
V, denotes
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V, denotes the perpetuity.

W, denotes the value of Son the contingency of C's dying
after A (by my 3d prob. Vol. LXXVIII).

e and a denote the number of perfons living in a table of
obfervations at the ages of H and A.

s, ¢, u, w, &c. denote the number of perfons living at the
end of the i1ft, 2d, 3d, &c. years from the age of A.

£ and 4, denote the number of perfons living at the ages of
F and B.

my n, 0, p, &c. denote the number of perfons living at the
end of the 1ft, 2d, 3d, &c. years from the age of B.

x and ¢ denote the number of perfons living at the ages of
Kand C.

d, ¢, f, g, &c. denote the number of perfons living at the
end of the 1ft, 2d, 3d,-&c. years from the age of C.

a’y a”’, a""’, &c. y denote the decrements of life at the end

v, b, b, &c. 1 of the 1ft, 2d, 3d, &c. years from the

¢y ¢’ &e. J refpetive ages of A, B, and C.

r, denotes the value of £.1 increafed by its intereft for a
year.

The combinations of two or three of the feveral letters A,
B, C, F, H, &c. denote the values of annuities on the joint
continuance of two or three of thofe refpective lives.

PROBLEM I.

To determine the value of agiven {um, payable if A fhould
be the jir/? that fails of the three lives A, B, and C.

SOLUTION.

In order to receive the given fum in the firft year, it is

neceflary that one or other of four events thould happen. 1ft,
That
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That all the three lives fhould fail, and that A fhould die firft.
2dly, That B thould die afler A, and C live. 3dly, That C
thould die affer A, and B live. 4thly, That A only thould
die, and B and C both live. Thefe feveral contingencies being,

o b—m.c—d o b—m.d a .c—d.m a’. a'm'
, and ——

exprefled by

3abe ’ 20bc 2abe
; . . he @
refpedtively, their fum will be:;;} x “-3—6 + %m—/f + f—'—m + = KA

the fecond and following years one or other of the fame events
muft take place in order to receive the,given fum; thatis, they
muft either all three die, A dying firft ; or only A and B muft
“die, A dying firft; or only A and C muft die, A dying firft;
or only A muft die, and B and C both live. The different

fraGions exprefling thofe four contingencies for the fecond year

[
s

" om—n.d—e &' .m—n.e a’.d—c.n "

. a ) a'’ . ne
: and H
being prr R Pyt pyrreanl ——; for
. " n—o.e—f " e n—o.f a’.e—F.o0 a"'.a‘f
‘ and = :
the third year PR PP e

and fo on, the whole value of the given fum Wlll be =

S.d md a'’ md ne | nd .a"”
aber } + 7 + + + abtr 3 + + + + abfi’s X.
—‘—"'—‘_‘_— s b 7 d /’
_+ + +”f+&c. Whlchare—s—z-cxf—r—c+a: + 2 bk
s o & &7 A @ f &
ame c
6a/7c r + babe 1 + ré + '
Sb X ‘i;i".d.[.” 'f"-l— al /0 +&c. From the demonfiration of
3a ¢ r r

the problem in my laﬁ Paper * it appears, that the. ﬁrﬂ: of

thefe {eries 1s = ?3— X B HZK-E—!&E - 3— x BC—-ABC; that the {e-
. S BK—ABK S PC—APC
cond feries 1s= g X'W_T"L - X '—”————b————-——'; "that the

, * See ll’hil. Tranf, Vol, LXXIX,
Vor. LXXXIL. L1 third
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. .. S B FCZAFC S d. LI-MA’ T
third fertes 1s= > x ——=" 22 - T x -2 -7 s and that the
i) b 6r ¢
P S =y S d., PT—APL 1
fourth feries is= - x BC—ABC ~ é-wx = b . Thefefe~
. 3 r va

veral expreﬁ}ons being added together will be found=S into

8.FK ~AFK BK—ABK T - BT
* B FR-AFK AR L 8« FCZAFC+— x BC< ABC
3¢ b : 2 65 3r
_m.PC—arC_ 4 BT-ABI g PT= AT

: 6br 3¢r a “ b

This theorem gives the exac value when either B or C are
the oldeft of the three lives; but when A is the oldeft, it will
be neceffary to exchange the fym‘bols a’y a”y a8, &c. for
a—5, S—1, 1 —u, &c. and the {ymbols m, n, o, &c. for

c—cy c—c +c’y c— 7+ ¢, &c. 1In this cafe the value

into

aver

of the given fum for the firft year will be found =

abc  bsc . amc  msc  abd | bsc! mm msc’
—_——— e —— +- +-—, for the fecond year=
2 2 2 2 6 6

mse  mic | nsc nte  msc”  mtc”  ms! mtd! med | mtc!
> into ¥ LT et e S T
aber® 2 2 2 2 + + +
nse’ | ntc’ S . mic t e
— 4~ forthe third year = —into >~ — 'i’ff f,f_;_ Zz_f%_

2 2

meogd” o mt . oc +c”+mt N P
n

nuc L
6 3 3 - 2 2 2
and fo on for the remaining years of A’s life. Hence the

whole value of the given fum will be_—si; x 2 +~- + -+ &c.
24

S bs , mt | nu S
LIV I B c. —-x—~ -
2ab 7 -i“r2 +r3 + & + + + + &c by R
ms nt  ou . S z:b::' msc”! nlc’ " S
S TR A Wi Co — e X e T . -
r +r’ + r3 + & bsbe + r® + + &e 2aber x
mse! | ut o+ &ec. S bs¢  mte’! nuc’
AR S Ca e K e o e » e
r + ¥ + + babe 7 + N N + & +2ﬂ5£?’ *

mic
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mtc’ . + - ame’ ns o’ ét L _ S
+ +&c.—~_.x._+———-+w-3—«+&c.~ X

v 3abc Cor r* r 2abcr

nse’ ot .+ mse’  at.c’! 0uc S

_— ———— -{- &C e K e i i &C. X X
r + r? + 3a5c Cor -t r* + 2aber

mee 20 +c — +&c. . . . The firfl four feries are refpetively =

r

8. HF 14 AB R.AF .HB A ‘ '
puak (or E )-*- +2 ~AB . The fitlt term of
2ab 2r 26 24 2 :

.-——_-"“—"—’—“‘—'w

. abe’ ab b.c—
the fifth feries, or =, 1s=‘-—“—6- X = =2 ; ‘, the fecond term
ape

abr
mse” . g8 ms - ms.c—c 4’ ms .
or —, is= - x _E—__.;E.——__—;i .« .. the third term, -
a ¢ ‘
oot . B omt w0t O ,
OF 5= 8=~ x — = ————.  Therefore
. i > . . . HF — g
thefumof the fifth and fixth feriesis = — 22 orce _ _me
» 6ab 3aber

n. I &c. =) ~2 xAB—ABC. In the{ame mannes the
3aber® 3r : '
mtc’

. 6aber*

-y

feventh ferics méy be found = 5— x AF — AFC ~

weete g ; and confequently the fum of the feventh and

6aber3. ;
2 ~ . . B.AF=AFC s .BN—BNC , .
eighth feriesis = 23 He ‘Again, the ninth and
. ‘ . «.HB-HBC nse* ot o'+
tenth feries may be found = ~ — g g

AP—APC L
—&c.=) -7 = ; and the eleventh and twelfth or two

AB ABC U0 .c +c . ms PN—PNC
laft feries, = ( +6amz+ o +&c. )+,-W.

If all thefe ‘expreﬁions be added together, we fhall have the
value of the given fum=35 mto})e X w AF + 3AFC
L 1 2 4
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, 1 « u./}‘iB"i"Q}iBC _ A‘B +2ABC T i _ s.BN—BXNC —-AB-—* ABC
+() a 3" a

‘.“;”i; 3 6 ———
m 5 PN-PRC T TAPe.
Obr a

It may be obferved, that the firlt four feries are alfo=E,

and therefore if this value be fubftituted inftead of ﬁ”Hf &ec.

the general rule will become=E 4-Sinto — 52 x OB —HBC+ £ =

r—1.AB—ABC £,AF—AFC m.AP—APC _ _c
3r + 6o - 6or + 3ar

% OF — HEC +

x BN - Bmi,-i-ﬁ{’ x Pm «+«... Suppofing the three

hves to be equal, the ﬁrﬁ of thefe rules will becoxne_li;? -

LKKZ —x———=75 %+ CK—CCK . d.CT—_CCT

6. g - bc bcr -
CC+2CCC , dd. TT-CTT r—1.V=CC
nd the fecond = Y
6 + 6.cc.vr a 27 +,
7—1 . CC _CCC ».CK—CCK xx.KK~— CCK+J. CT—CCT
37 - Y, ' bec 6cr St
4. TT—CTT .
%ﬂ: and alfo the rule denoting the value (when

either B or C are the eldeft of the three lives) will become =

—1.CC~CCC, »  mp—Frmw , = TR Tvw 4 .
P +‘§;><CK—-(4CK+§—.—;><KK-LKK-—; x|
,CT;rCCT - ;fr X LT —=CTT. Letthislaft expreffion be called

Q and compared with the firft of the preceding expreffions, In

14CC CC+2CCC CC—CCC Q
r

this cafe we fhall have o T 3 +]

r—1 .;?)S—cc'cz Q, from which Q may be ‘eaﬁly found=

r—1.V—~CCC
r

wsigp
b3

* Again, let the fame expreflion, denoted
by
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by Q_, be compared with the fecond of the preceding expref-
1 V=G Q [ 7—1i,0C=ccC

ar T

fions, and we fhall then have 2= -= —

=Q, and confequent]y Q=Sx

o V _CCC
r ar as before®* , .., .

Now it is well known, that when the lives are all equal, the
value of the reverfon muft be one third the difference between
the perpetuity and the three joint lives, and therefore a demon-
firation arifes of the truth of the whole folution. As a ftill
further proof of this, the foregoing theorem may be imme-
“diately deduced from the feries themfelves: thus, the value of the
given fum for the firft year will in this cafe be= %—3—:&; for

.

the fecond year it will be = :3 — 3 for the third year it will be
_s—_i‘_g‘;%fi. ‘Hence the value of the whole reverfion will be=
S ‘1 a3 £3 S I3 - S
‘EXZ—E—W—'&C--I-gx +7+£3r4+&00-— gx}]
T ~1.V—~CCC

;__CQC+CCC :gs.x-r-—f-——;—-—-— ... Q.E.D.

PROBLEM IIL

To determine the value of a given fum, payable if A fhould
be the fecond that fails of the three lives A, B, and C.

SOLUTION.

The fum S may be received in the firft year, provided either

* This expreffion.may alfo be obtained from either. of the above general ryles,

independent of the two others, in like manner as in the folution of the fourth
problem,

7 of
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of ‘three events thould happen; 1ft, if the three lives fhould
become extin&, and A be the fecond that fails; 2dly, if A
thould die after B, and C live; and, 3dly, if A thould die
after C, and B live. But in the fecond and following years;
the given fum may be received, provided either of feven events
fhould happen. 1ft, If the three lives thould fail in the year,
A’s life having been the fecond that failed. 2dly, If A only
thould die in the year, B having died before the beginning and
C lived to the end of it. zdly, If A only fhould die in the
year, C having died before the beginning and B lived to the
end of it. 4thly, If A fhould die after B in the year and C
live. sthly, If A fhould die after C in the year and B live,
6thly, if A and C fhould both die in the year (A dying firft)
and B’s life {hould have failed in one or other of the foregoing
years ; and, 7thly, if A and B thould both die in the year (A
dying firft) and C’s life theuld have failed in the foregoing
~years. From the feveral expreffions denoting thefe contin-
gencies the whole value of the reverfion may be found=

73
177/ a//E a Iff

3 7 77 S ‘d
S de  a'd ae+&c.+,_'.+‘_‘_.+_7+——-—+&c.+
2ac r r

e R — i

2ac r + r® + »3 3

S a'b a'm ;. a'n S am  da'n a2’

_— X — 4 e b &Co F — X — f— 4 &c. =
- 2ab r r® r3 2ab r r* 73

25 xﬁc+a”md+ﬁe + &c. — 2.8 ka'rpd+a”ne+a”’qf+ &e. =

3abe 1 r* r3 3abe r % 73 :

S a'me | a’na | a'’oe S a'bd  ame . d”’;zf

_— X - &Co — — x — c

3abe r + r? + »3 + 3abe r + P2 + r3 + &c.

The two firft of thefe feries are=D, .. the two next=E ...
and it appears from the folution of the preceding problem that
the four remaining feries exprefs double the value of the fum
S, depending on the contingency of A’s dying firft (when B
or C are the oldeft of the three lives) with a negative fign.

The
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The general rule, therefore, i this cafe will become=D +
E - 2M.

But when A is the oldeft life, recourfe muft be had, as

in the fecond part of the preceding problem, to different {ym-

bols, and the value of the reverfion will then be found=

S nt S bs mt n
—_— X &ec. Cox 24T
= + &e A+ o X = k=t &c..-}-
S abe’  mse” omec’t S bsd | mtd" | nue’’
L AL &o. — 5 x 2
3abe e + + 3abe r + r? + 73 + &c. +
2S _amd wuse” | ot 25 mse’ | ntc” ouc” ‘
X — ._’- Co = ——— X e —
XTI T Ko - + +2 L4 &l +
S msc’ nt . ¢ +L/, ) mtr ¢ + ¢
—_—— oA V-
abe r + r* + &c abc
; S o nse’ +gt . ;7:;[// & S % nt . c'+au Ry
abe r o + ¢ = abe r re + &ec. +
ixzfs_.g+}‘lz m+7~;_n+&c +__ X{T—‘Tm
2ab r
S a—s.c  s—t.c—d S a—s.c—¢ ‘.r————t.c—-c’—;;;
2% o .
X e X o +
S S
& =%~ + + 5+ &c + — X + + +&c. The laft

two, and the ﬁrf’c ten feries are= — 2M, the eleventh and
twelfth feries are=D, and the thirteenth and fourteenth feries
—=E; confequently the general rule becomes=D + E - 2M, as

before. |
Suppofing the lives were all equal, the above expreflion would

be = Sl I=E 22 6 r o7 V- CCC =2
V—3CC—* 2CCC, which is known from other principles * to be
the true value, and therefore the inveftigation 1s rlght. As a
further demonftration, however, it may not be improper to

* See Phil. Tranf, Vol. LXXIX,
obferve,



256 My, MOBGAN on

obferve, that this rule is immediately obtained from the dif-
ferent fraftions which exprefs the feveral contingencies in each
year. For in this cafe, the value of S for the firft year becomes
=51 —~~—+—§-, for the fecond year_—s—x 55{—'1—24‘? 3.63
r 3 o c¢ (14 A 3
and fo on for the other years. Thefe feries being added

3 3
together will be found =-§-—x _i-+»—2—d—+ —-2f—2 + &c. -

5.y

S 3a'd 3¢e 3ee / 243 203
~ % +° -+ &ec. +_-><“+ -+ &c. — ><T__z+-.3___z

3 r «.r* 3r .r AR

'g" &C-:g X TXV"‘SLL"ZCCC o8 0 o Q- Eo Do

PROBLEM III

~ To determine the value of a given fum payable on the
death of A, if his life fthould be the /a/f that fails of the three

lives A, B, C.

SOLUTION.

The given {fum can be received in the firft year only upon
the extinion of the three lives, A having died laft. In the
fecond and fellowing years it may be received provided either
of four events fhould happen : 1ft, if all the three lives thould
fail in the year, A dying laft; 2dly, if A fhould die afier C in
the year, B having died in either of the foregoing years;
3dly, if A fhould die after B in the year, C having died in
either of the foregoing years; 4thly, if only A fhould die in
the year, B and C having both died before the beginning of it.

The value therefore of the reverfion (when B or C are older
than
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than A)Wi’llbeﬂgx’fq.?;.pﬂ_l_&m

+ &c..'*‘;“‘/; P O g, +wx“”” Tl

abl &' "me nf . Y
S 0’6{ ’”]‘ _ S a'b a///n
“-S—-x———-l- + +&.C. =G4+ M- 1)+11,
2ab r

- When the hfe of A is the oldeft of the threelives, the {ym-
bols being changed as in the two preceding pmblems, the value

i . . — S abs : 7lt4"'

of the reverfion will become = — — x =~ + + el &c. -
a r
'S msc nt.c + il bsc nuc'’’
F—— _— Ce Lo — o

2abcr + +& +6Iw r+ 3 +&c+

S mt.c . omu.c S amc’ ot o
— - &c, - — x —. — -
2aber r + ot + 3a!zc r _{ + + &ec.

S NER c’+ot P msc’ ‘"
2aber r r abc 7

S xnt».c_l_ou +_xa——5-.c+S'-a-ti.t',+.t:;"£//
2abtr r - S 7 7

:7 Y +c”

+ &Co + —_— x : + r + &Co

r

By the fecond part of the folution of the firft problem, the
firft Clght feries may be found=M-—E; and the laft two

ferie

S A—5.C—=t  S—t o coi S G—5S.cC s-—t. —
Zox + ey &c, ~——x 4+ z‘ ¢
2ac¢ r r* 2ac r 7

+&c. are=G~D. Hence the general rule, as in the former
cafe, becomes =G+ M- D +E.
Vor. LXXXI, Mm When
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When the lives are all equal, the above expreﬁwn will be

r

changed«mto; X7 x VU 4 rzbee §CC Vo cOoSer—r

VL . ) ! , .
x -—3«—; or ¢ ane-third the value of the abfolute reverfion-after

“ the extinflion of the longeft of the three lives.,” 'This is.
known from {elf-evident principles. to be the true value, and
therefore the foregoing folution is corre¢t, The fame rule may
alfo be obtained immediately from the feries ;. for the value i

. . S 1 _d dd_ &
this cafe for the firft year wiltbe=2 x 2 =2 + & " g
r3 e ta 38
s _d& 3 dd | a e
the fecond year=m— x =5 - Z 4 S 4%~ and fo on for
1 35 3-‘, : 49 [ < <

the remaining years. Hence the whole value of the reverfion.

Wil,lbe:.%x-L-l—é X—I;—~L='“I'SX1§---‘(LE D..

7

PROBLEM 1V,

To- determine the value of a given fum- payable on- the ex=
tin&ion of the lives of A and B, thould they be the fr/# that
fail of the threelives A, B, and C..

SOL YVTIOIW.

The given fum may be received in the firft year, either on
the extinction of the three lives, C: having died laft; or on
the extintion of only the two lives A and B, C having fur-
vived the year. In'the fecond and following years the given
fum may be received, provided either of {ix events fhould
bappen. 1ft, If the three lives fhould become extiné in the
year, C having been the laft that failed, 2dly, If A only

thould
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fhould die.in the year, B having died before the beginning, and
C lived to the end of it. 3dly, If B only fhould die in the
year, A having died before the begiuning, and C lived to the
end of 1t, 4thly, If A and B fhould both die in the year,
and C furvive it, sthly, If C fhould die after A in the
year, B having died in either of the foregoing years. 6thly,
if C fhould die after B in the year, A having died in either
of the foregoing years. The fradions denoting thefe fe-
veral contingencies being added togcther will be found =

S a’’ . ad "
Pymialie
S a /ﬂ a mfl PTIES S A ne.d a '
6(115(. 7,3 + &C. +2L}b€, X r + rz T + &C. —
S atm a n// o' oe | S wnd.a | oe.a +a”
2 x =7 . - X &c.
3abc + + + &c 2ubcr r + + +
S a'bd  a"me | a"rf S me . d nf. a +a”
—_— X — z X S
babc X r * r? + 73 +&e. + 2abcr r + + &c
2S . a'md | a''ne | d"aof ne.a  of i +d’
PR - . - X 2 .
3[10(; X r + r- + ¥ + &C 2(4:56" r + r +&C
The firlt two feries are=D; the third and fourth feries are =
“““ % . —ArK .
2 wBC-ABC-- —%—7}—— ; the fifth and fixth feries are= —
32__..__ —_— ,
BK—ABK _m. 'J(%/"A“’; the feventh and eighth feries =
36 by ’ . .
w-{-‘{-iBT——wE : and the ninth and tenth feries =
64 ger :
md.  PU—nve 2. 8C—AB- " p1.,00 the whole value of the
6ber 3
. S.w B FE— AFK
reverfion willbe=D - P = + BKZA. ABI\ + = x
FOTAFC 2871 m—# « PC— AP APL-:—
3?"
wm . I'] — Al’

BT — AB. ABL—;— ——

Mm The

9
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The preceding theorem exprefles the value of the given
{fum whether C be the oldeft, or B one of the two lives to be
furvived, and will therefore be fufficient in all cafes. In order,
however, ftill more fully to prove this, let A be fuppofed the
oldeft life, and inftead of b—wm, m~u, n -0, &c. and ', a”,
7 &el et &, 67, b, &c. and a—s, s~12, t~u, &c. be
fubftituted ; then will the value of the reverfion be found =

S T W T T

S L B 2y ke + %Ly P D e -
2be v ’

S o dsh’! " b Vb

‘”_+_‘_., +L— + &eo + —— . +—--——-— + &c. -

bube r r

S b Aty b s b b

VLS ’L+ff'-;—+&:c - xd—b--f-e" o4+ &c 4
3abe r r ¥ 2abcr r

S adl’ | seb”  fib'’ seb' | tf b 40"

AV I i XL TY :
6abc r PO + &ec. + 2abcr r + r* + &c —
28 ,sb ef . b’ u . b S t . v b"
ES e VP o = StV TR g
34&: 2aber r

Let © denote the value of S on the .contingency of Cs fur-
viving B, and the general rule deduced from the preceding
x _a ., HK—-HBK

feries will become = ¥ ——Sg' X — + AK - ABK 4

—— S e
XAL AﬁL—a—"XNL—-NB(,-]“

?;:.’x AT—ABT 4 =M NBT

the fame rule with the foregoing, if ‘the {ymbols of A and B
be only exchanged for each other.
If the three lives be of the fame age, both thofe rules will

feverally become =S into f-._ XV =CC CC- xKK CKK —

» Which ‘appears to be exadly

—xu& CCK -2 I x CC = CCC+—-><(,T LCT+
2 TT-
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TT-CTT. The two expreflions — ""'K}z:’CKK+ bl:r X
CT-CCT, by refolving them into their refpective feries, will

— Sz
be found=— + +6c“+6"'3+

+ &c., and the two

614
dd . TT-CiL . R NN d
expreffions = SE P o 2x CK = CCK =8 - -
. Occr 6" bcr .
de ef

e - fg 3 .
e 6m3+6“ 4+c‘5a. ; hence the fum of thefe four expref-

.v=ccC

fions will be = — , and confequcntly the general rule

st
S.y—1

in this cafe will be = XV~ 3LL —2 CCC, which is.

known to denote the true value from other principles *
As a further proof of the accuracy of the preceding invefti--

- gation, it may not be improper to obferve, that this rule may
be 1mmednately obtained from the different fraions which:
exprefs the value of the given fum in each year. For in this
3/2/1 243

cafe the value of Sin the firft year is=> x £ —3%4 ——, In.
A 3 r ar 3.5
S ., 28 a3 dd .
the fecond year= = x%-gf;—%+%, and fo on in the
3 or ccr ¢r ccr

other years, which expreflions may be eafily found =

St

= = xV-3CC-2CCC. QE.D.

PROBLEM V.

To find the value of a given fum, payable on the death of"
A, if his life thould be the fir/? or fecond that fails of the three
lives A, B, and C,

* See my Paper in the Phil, Tranf, Vol, LXXIX,
SOL U~
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SOLUTION,

In the firt year the payment of the given fum depends
upon either of four events. 1ft, "That all the three lives fhall
become extiné, the hife of A having been the firft or fecond
that failed.  2dly, That A and B thall both die, and C live to
the end of the year. 3dly, That A and C fhall both die, and
B live to the end of the year. 4thly, That only A fhall die,
and B and C both live to the end of the year. In the fecond
and following years the payment of the given fum will depend
upon either of cght events happening. 1ft, That all the
three lives thall drop 1n the year, A having been the firft or
fecond that failed. 2dly, That C furvives, and ouly A and B
die in the year. 3dly, That B furvives, and only A and C
die in the year. 4thly, That both B and Cfurvive, and A only
dies in the year. sthly, Thar A dies in the year, B having
died before the beginning, and C lived to the end of it. 6thly,
That A in like manner dies in the year, C having died before
the beginning, and B lived to theend of 1it.  5thly, That C dies
after A in the year, B's life having failed ineither of the preced-
ing years. 8thly, That B dies after A in the year, C's life having
failedineitherof the preceding years. The fractions denoting thefe

7
a'c a’ . d o

feveral \tingencies are = — x + & '
everal conting 3 ,_._2_;_‘ “c + 5 e+

QJ 142 '/If'
.__x_.. -2
2ac r

S dm a"ﬂ————' b a""md | a"'ne :
Sox i — &c. - — x— . -
Bab. r + re + o+ 3abec r + + 23 + &c

S ‘ m a m/ a’'me a'n
X -—-x-+ +_~f+&c.~
():lbt r

¢ ! 7 t e
S xiﬁ’i+1~‘ +“ "y & =D+E-M.
Sclb(-‘ r

This
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This general rule gives the true value whether the life of A
be older or younger than both or either of the lives of B and
C. When the three lives are of equal age, the value of S for

. o 4y dd
the firft year will be= S—-xg 4+ —-[i[f for the fecond year=
r

¢3 o«

dd
o X == ==t — and fo on for the other years, Hence

the whole value in this cafe will be = ;: = x2V — 4L\, - CC¢,

which expreffion may alfo be derived from the general ruleJuﬁ-
given above, or D+ E — M.

The folution of this problem may alfo be obtained either
from the firlt and fecond, or from the third problems. In the
one cafe the value of S 1s evidently equal to the fium of the
two values determined by the two firft-mentioned problems,
or D4E—-2M4+M=D+E-M. And in the other cafe its
value 1s equal to the dijference between the abfolute value of
the reverfion after A (=G) and its value depending upon the
contingency that A fhall be the /4/ life that (hall fail, which.
being=G+ M — D+ & by the third problem, 1t follows, that
the general rule on this {fuppefition will be alfo=D--E —M.

Q E. D.

PROBLEM VL

To find the value of agiven fum payable on the death of A,
thould his life be the fcand or zhird that thall fail of tht three
lives A, B, and C.

SOLUTTIO N,
The payment of the given fum in the firft year will depend
upon the contingency of either of three events. 1Y, That

7 all
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all the three lives thall become extin&, A having been the fe-
‘cond or third that has failed. 2dly, That A fhall die after
B, and C live to the end of the year. 3dly, That A fhall die
-after C, and B live to the end of ‘the year. In the fecond and
~ following years the given fum will become payable, provided
either of eight events fhould happen. 1ft, If all the three
lives thould fail in ithe year, A having been the fecond
cor third that died. 2dly, If A fhould die after B in the
year, and C live to the end of it. 3dly, If A fhould
die after C in the year, and B live-to the end of it. 4thly, If
A and C thould boeth die in the year, B having died before the
beginning of it. sthly, If A and B fhould both die in the
year, C having died before the beginning of it. 6thly, If A
-only thould die in the year, the lives of B and C having be-
icome extinét in either -of the preceding years. 7thly, If A
fhould die in the year, B having died before the beginning, and
C lived to the end of it. 8thly, if A fhould die in the year,
C having died before the beginning, and B lived to the end of
it Hence the whole value of the reverfion will be found =

S % + +__. + &c. - -S—-xf——bcei-“m-l—f——m-}—&c -
a 3abe” r

S a'wic | a''nd  a""oe S abd  a'me  a"'nf
X T T b - S T T T e,
g )(f.:.”_.d a ﬂf a"'of+ &C _G LJ

3«&: r

ThlS rule is corre@c in all cafes; but when the three lives

——

S-r—-—]

are equal 1t becomes more fimple, and is =

.«zV-m; which expreflion may likewife be obtained

immediately from the feries given above. |
The folution of this problem, like that of the foregoing .
one, may al{o be derived from the firft three problems; for the
value
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value of S is either equal to the difference between the abfolute
value of the reverfion after the death of A and its value de-
pending on the contingency that A fhall be the fir/? that fails
(found by Prob. 1.), or it is equal to the fum of the two values
depending on the contingencies that A thall be the fecond or
third that fails (found by Prob. 2. and 3.). In both cafes the
generalrule is=G -M. Q. E. D.

PROBLEM VII,

'To find the value of a given {um payable on the death of A,
thould his life be the fir/ or /aff that fails of the three lives
A, B, C.

SOLUTION.,

In order to receive the given fum in the firft year, it is necef-
fary that either of four events fhould happen. 1ft, That all
the three lives (hould fail, A having been the firft or third that
died. 2dly, That B fhould dic after A, and C live. 3dly,
That C fhould die after A, and B live. 4thly, That A only
fhould die, and B and C both live. In the {fecond and follow-
ing years the given fum may be received, provided either of
{even events thould happen. 1ft, If the three lives fhould
fail, A having been the firft or laft that died. =2dly, if B
fhould die after A in the year, and C live to the end of it
3dly, If C fhould die after A in the year, and B live to the
end of it. 4thly, If A only fhould die in the year, and B and
C both live to the end of it. sthly, If A’slife fhould fail
after that of B in the year, C’s life having failed before the be-
" ginning of it. 6thly, If A fhould fail after C in the year,
B having failed before the beginning of it. 7thly, If A only

Vor. LXXXI, N n thould
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fhould die in the year, B and C having died in either of the
preceding years, From the fractions denoting thefe feveral
contingencies the whole value of the xeverfon will be found =

fi Xi-l— a_'; &'’ S T d’d o' _
a r r r

S 7 77 717 ]
w‘><”—+’—f2—"-;«f‘7f + &e. S ¢ L Iy &c -
2ac r 14 ¥

S Py b &
Syl y & t o xf’—f—‘+” md+~_’i" + &c. +
vS avlf+££+f_f+ &e. + ——X ’5/+a :/M

3a5c r 7

Il (%3 7

28y +—-”f+( ”f+ &c.=G -D+E+2M.
3abc r

This general theorem will give the exalt value in all cafes ;
but when the lives are equal, it is rendered more fimple, by

fubftituting the feveral values of G, D, E, and M, and will
~3C—=3CC+2CCC; which expref-

then become =
fion may alfo be derived in this particular cafe from the dif-
ferent feries denoting the value of S in each year.

The folution of this, like thofe of the two preceding pro-
blemns, may likewife be obtained by the afliftance of the firft
three problems. For the value of this contingent reverfion is
either equal ta the fum of the two values of S payable on the
death of A, if his life thould be the firft, or if it thould be
the laft that fails (found by Prob. 1. and 3.), or it is equal to
the djfference between the value of the abfolute reverfion after
A’s death, and the value of the contingent reverfion after A’s
death, provided he fhould be the fecond that fails of the three
lives (found by Prob. 2.). In both cafes the general rule be-

comes=G-D+L4+2M. Q. E, D.
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PROBLEM VIII.

To find the value of a given fum payable on the death of
A or B, thould either of them be the fir/? that fhall fail of the
three lives A, B, and C.

SOL UTION,

In each year the payment of the given fum will depend upon
either of fix events. tft, If the three lives thould fail in the
year, A or B having died firft. 2dly; if A and B fhould dicin
the year, and A live. 3dly, If C fhould die after A in the
year, and B live. 4thly, If C thould die after B in the year,
and A live. sthly, If A only fhould die in the year,
and B and C both live. 6thly, If B only thould dic in the
year, and A and C both live. The fracions denoting thefe

2S bea’ md o’ nea'’

{everal contingencies are = — X — - +___ + &c. —
3abc 7
mea’ nda 0ea’’ bda’ | mea'’  np.a”
6 r r + r* -+ + &e. +
S mdd | nea'’ oja’ & b—m.c  m—n.d n—o.e
— x P cot— X + ~
()abcx‘ a + r* + + r r* + 73 +

- S i-md = e mda g d
&e + —-X e ”f+&c.--———><-r-“-+---—--‘;+“
26¢

r 2abc

: ) S mea’ | nd.a + o bdd' a'—l—-a"
-]—&c.—[—z-‘;—&—cx - "I- +&C "’Zabcx + o +&C.

ne . a +a”’ . B.FK—AFK

md . ad . . %
+nab£ +—— + &Cf = S into T X———

r

BR—ABK — £ 2 2o B e~ o X

BT - ABT M—I—E = denotmg the value of S on

the contmgency of C’s {urviving B, as in Prob. 4)
Nnz2 The
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"The above rule gives the exaét value when C is the oldeft
of the three lives. But if A be the oldeft, the {ymbols
muft be changed as in fome of the foregoing problems,
and the va]ue in this cale will be expreﬁéd by the feries.

17

2S abc nte'’ S amc’ otc

— &c, - — x —_ — &c. -
3abc r + + + 6abe r + + +
S bsc’ mtc”’ nuc’’ S msc’ ond’
e X i S L &C. - — x — &Co
babe 1 + r® T3 o3 + 3abe  r + + +
S x 2 -3—x——‘+—”—§—+-”-’i + & —
ab r ab 7 7 r3

’ // t . 1’

%X-a-b;[--k———————-: T+ &e. +—Xm-‘c—+"-——————c+c 4+ &c. From
abe

thefe feveral feries, the general rule expreﬁing the value
1’»—-[ V AB [

of the reverfion will be found = S into ———-——«;————-—-—%_ax;
g . HF—HFC , HB—HBC B .AF—AFC 2 .7—1 . AB—ABC
1 + — +
b 2 64 3r
m. AP—APC S BN—BNC  m.PN—PNC
6br 3ar 2 + b '

When the lives are all equal, the firft rule becomes =

—1 . V—CC+2.1'—1 .CC—CCC , «x . KK—CKK , x . CK—CCK"
: o 3r *{‘ 6cc + 6¢ -

d.CT—CCT dd.TT—CTT pel aree

, and the fecond rule=

6cr - 6eer p
2.r—1.CC—-CCC  we.KK—-CKK . KC-—C(‘,K+d. CT—-CCT
3r 3¢e 3¢ 3¢r
dd . TTZCTT :
— In the one cafe the four laft fra&ions are—
—1.V—-CC . , .
=2 & ; and in the other cafe thofe fraGtions are= ~’
—1.V-CC . ~
4 e ; therefore, in both cafes the general rule becomes
2 ¢S .7r—3x

x V~CCC, which is known to be the true value

=

from
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from felf-evident principles. This exprefiion may alfo be
immediately derived from the different fraions which denote
the value of S in each year. For in the firft year thefe fractions
will be reduced to _2_3_3‘ X 71 - —fs;, in the fecond year to

r i .

S 3—"(, >
2—3— (- s in the third year to ? X 3r3 £§'3, and {o on in the
other years. Hence the whole value of the reverfion will, as
—
above, be = =——xV-CCC. Q.E.D*
3

PROBLEM IX.

To determine the value of a given fum payable on the death
of A or B, thould either of them be the fecond that fails of the
three lives A, B, and C.

SOLUTION.

The payment of the given {fum in the firft year will depend
upon ecither of four events happening. 1ft, That the three
lives thould fail, A or B having been the fecond that failed.
2dly, That A fhould die after C, and B live. 3dly, That B
thould die after C, and A live. 4thly, That A and B fhould
both die, and C live. In the fecond and following years the
given fum will become payable, provided either of eleven
events fhould happen. 1ft, If the three lives thould drop in
the year, A or B having been the fecond that failed. 2dly, If
A fhould die after C in the year, and B live. 3dly, If B
thould die after C in the year, and A live. 4thly, If Aand B

* T do not know that any folution has been attempted before, either of this or
of the two following problems,
thould
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thould both die in the year, and C live. sthly, if B only
thould die in the year, A having died before the beginning, and
C lived to the end of it.  6thly, If A only fhould die in the
year, B having died before the beginning, and C lived to the
end of it.  #thly, If G fhould die after A in the year, B hav-
ing died in either of the foregoing years. 8thly, If C thould
die after B in the year, A having died in either of the
foregoing vears. gthly, If A and B fhould both die in the
year, G having died in either of the preceding years. 1othly,
If B only thould die in the year, C having died before the
beginning, and A lived to the end of it., And, laftly, if A
only fhould die in the year, C having died before the begin-
ning, and B lived to the end of it. The feveral fra&ions de-
noting thefe contingencies in each year bemg added tooether will

nd a—;—a

become_%x.‘i‘;-;-”'md “re 4 &, - ”’.f.“_+ + &
S bda’ cal + a’ m ;;/ a -+ a”
—— Co v X
abe * + +& abc P + + &c. -
45 ha bea’  mda” a’ nea + &ec. + S & mea’ +%ﬂf(j’ L oea” e, &C.
«3ab¢ s 3abc r 7
2S bda +mea + 2" &ec. — i x ”1{‘{_*_ nez N of a7 + &ec. —
3abc r ; 3abc r 7
S b—m.c m—n.d n—20.€ S b—m.d ”; N0 f
— &c. - — %
2bc X r + re + 73 T 2u¢ r + +

+ &c. +_s_ x ’fi+__~_——" '“/j'an-i- &e. — S x /3_’,_]-..._...__’” : “’;‘L“”+ &ec. +
ab r v ab v ¥ /
S ma’ S b—m . m—n . n—20

ML & 45 X +E I &
ab Ia b v 7 r3
rscx‘_‘r‘.+ +~+ &ec. +-_><__+ +f“ + &c. Let Q
a

denote the value of S by the firft rule in the elghth problem,

and the firft ten feries will be==% ~ 2Q. The four next feries
3 are
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S.r—1.V—-AB ~ .
are = > s and the two laflt feries are=D; the

whole value of the reverfion, therefore (when C is the oldeft

: . . S.r—1.V—AB
of the three lives), is= . +D+2-2Q,

When A is the oldeft of the three lives, the different feries, by
changing the fymbols, as in {ome of the foregoing problems, will

28 i s
become-—_bx‘_’ﬁ‘..k”” ”j___;.&c,__g_:_ Z’iﬁ+” ‘+
r qaoc

+ &c. -

4S _abd | ms” ol ms.oc  omt . o Y
X — —- x AR SR
3905 +- + +&c + +— +——+ &

S aic’ otc” bse mtd”  nud’

+og +—+&c.+—-—><~~~+———-l— + &, —
~§_ % be” + m.c +.i/_/ 1 &ec. + E me’
be r r* be
S S mc’
2b¢ 2b¢ r -

S . / C/
> x “—‘—+—’—‘;1L—‘—+ &e + ——><——+——-fr + &

ac r

S ac’ s’ '’ 9 % s¢’ 7 11
2ac r v ooad 2.4c¢ r +
s Tow wmn T IR
O s m+m ”+L~~+&C 2 m S+m Zn t+7z .o u+&c.
r b r r .3
b—m.s _’;‘___ :
+.___ X S+ ‘t&c. LetQ reprefent the value of S

‘by the fecond rule in the eighth problem, 1T and A the values
of the fame {fum on the contingency of B's dying after C,

and on the contingency of A’s dying after C refpetively * ; then
' —1.3V—~B—A_AB
4

. . . S
will the general rule in this cafe become =

—2Q —1II1+ A, or, becaufe D4+ = are=_—" ‘ZV""B—A_-,H.;.A Fa

r

% See my 3d Prob. in Phil. Tranf. Vol. LXXVIII,
4 See my 2d and 3d Prob. Vol. LXXVIIL
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it will be= +D+4 ¥ -2Q, as above.

When the lives are equal, the rule may be found either im«
mediately from the feries, or from the foregoing expreflions, =

25 .31”5_{ x V—3CC-2CCC. Q.E.D.

PROBLEM X,

To find the value of a given fum payable on the deceafe of
Bor C, thould either of them be the /g/f that fails of the three

lives A, B, and C.

SOLUTION.

The {um S can be received in the firft year only on the ex-
tin&ion of the three lives, reftrained to the contingency of
A’s life having been the firft or fecond that failed. In the
fecond and following years it may be received provided either
of fix events thould happen. 1ft, If the three lives thould fail
in the year, A having been the firft or fecond that died. =zdly,
If B and C fhould both die in the year, A having died before
the beginning of it. 3dly, If C only fhould die in the year,
A and B having died in either of the preceding years. 4thly,
If B only fhould die in the year, A and C having died in either
of the preceding years. = sthly, If B fhould die after A in the
year, C having died before the beginning of it. 6thly, If C
thould die after A in the year, B having died before the
beginning of it. From the fractions exprefling thefe feveral
contingencies, the whole value of the reverfion will be found =
md . +d’

2S m ne « a' +a S bea’
3abc + T + &C. 3abe X +) r* + & -

_§__
Gab¢
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égzzx'f:f——!- d”-|-m +&c. Z)%l;x-béﬂ-/.;_ﬂ;ﬁ/ nf. a” +
2—%}- X {’_r'?:_j_m : a;fL+a”+n . a/+r(;/+a/'/+&c. Zib ‘ m:z t: @y u’ +
.(;—(:-i--s— x[_ﬂi_‘_@_}. &c. — S x____}. ]7;2’4. &c. —

v 2ac 7 ot 2ac 1
3;'30)[ x m:z’xz" ne.zl:—lt? 1 &c. + 3aSwr % T_IEr__a' of f}ﬁf + ket
xS ¢ e TR e

S d.a . a S N ,
— x4l +” + &c. —---—><——+f < + &c., and

2acr r 2acr 17 r* )
therefore the general rule (When either B or C are the oldeft
P . BC—ABC

of the three lives) will be = t.BC—ABC _ x

3r 3¢
p.FK—AFK  BK_ABK m FC—AKC 4. Pi-aiT &, rremye
b 2 36r 2 ¢ 64 ’

+/1 BT —ART B.F—AF ;—1.B—AB m.P—AP+u.k’x-—AK
6cr ‘ 2b 2r 20r 2¢ -

r—1.C—AC d.T—-AT , "

o s or (fince the firlt ﬁveexpryeﬂions are =

r—1.BC—ABC
r

will be=S-7=" EC-ABC R4 WM.

When A is the oldeft of the three lives, the fame genei‘al rule
may be obtained. In this cafe, by,exchanging the {ymbols,

—M, and the fix remaining ones=R+W) it

ms . c+c

— 4+ &c, -

_ R, s
the different feries will become=;— X — +

- ’ VA S ’ W . v 7 \
S. xbs.c_l_m..c’—l—t + &co +— x o +Z t2T£ + &c. +
6abe r re * 3abe : 7
Py LS Ll
f_bs_,x,_'_zf_;_,+_.._ntia+&c.+—~x7+”z* ;"—;+&C' -
3abe r B ¢ - v
Vor, LXXXI, Oo S
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Someqref e e - 2 _._~+_~+_._~ + &ec. —

be¢ r ¥ 2c

S o . wl 23 ns . RPN
e R e M S Ve SRR +&c,_

2ac 7 r i 3eber r
S xm!.t'l+k‘f.l-6/”+€//+ &e. "’r“S, X;—ff—,—[— """,f_i __}_ &e. —
3/.5»7' r r* buber r
S ol u . &’ mc’
SV ‘+ +ac+—x—-+ +&c.—-Smto
Oulcr r
- — . HF -~ HFC “‘“‘“—'—“—-
2,r~1.AB AﬁL__{_.BV_X -HEC AR AFC + ‘‘‘‘‘ I IB- HI;C
3r Y/ a ‘ 3a
TR . PNZPNC m,AP—-APC r—1.V-C .
- x NB-NBC -
T x NB- + v , L. o + . :
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get the fame general rule as that given above in the cafe of B
or C’s being the oldeft of the three lives, it is to be obferved,
that the firft ﬁve expxeﬁ'ons, by the fecond part of the folution

of Prob. 1. appear to be=-r"I AfE——AE& ~M+E. And ({fup-

pofing T" to reprefent the value of S on the contmgency of A’s
dying after C) that the laft three expreffions appear to be

T ACA = AB
o p__---—"——_“ ButEls—R-i-r—-J-——————, and W muft
J — “+ A
be = - f —C+4AC —T; therefore, the fum of the above

expreflions may be eafily found = S.rt ‘TBC“ABC + R 4+W
— M.
If the three hve:. be of equal age, the value of the rever-

fion will be:—f—‘-;::— x V—L. 'This exprefion may be de-

3
rived either from the foregoing general rule, or immediately

from
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from the different feries, and is known to be accurately true
from felf-eyident principles. Q. E. D.

I have now given general rules for determining the values of
reverfions depending upon three lives in every cafe which, as
far as I can difcover, will admit of an exac? folution. The
remaining cafes, which are nearly equal in number to thofe T
have inveftigated, involve a contingency for which it appears
very difficult to find fuch a general expreflion as fhall not
render the rules much too complicated and laborious. The
contingency to which I refer is that of one /ife’s failing afier
another in any given time. The fraCtions expreffing this proba=
bility are every year increafing, fo that the value of the rever-
fion muft be reprefented by as many feries at leaft as are equal
to the difference between the age of one of the lives, and that
of the oldeft life iri the table of obfervations. I have indeed fo
far fucceeded in the method of approximation as that the rever-
fion may be generally afcertained within about ’sth part of its
exa& value; but I fhall not trouble the Roy"tl Society at
prefent with thefe inveftigations.

The 34th, 35th, and 36th problems in Mr. Simpson’s Se-
le& Exercifes involve, this contingency, and, by the affiftance
of M. pE Moi1vre’s hypothefis, admit of an eafy folution.
But fuch is the fallacy of this hypothefis, that it renders Mr.,
SimpsoN’s conclufions obnouﬂy wrong, though his reafonmg
is perfe@ly corret: for it cannot {urely be an equal chanpe n
all cafes that one life fhall die after another. In the fhort
term of a fingle year the chances are indeed fo nearly equal,
that it would be wrong to perplex the folution by attempting

Oo2 : greater
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greater accuracy. But when the number of years, and the
difference between the ages of the two lives are, confiderable,
thofe chances muft vary in proportion ; and, therefore, unlefs
the contingency is blended with another which thall very much
diminith the probability of the event, the folution, by thus
indifcriminately fuppofing the chances to be equal, muft be
rendered extremely inaccurate. In Mr. SimesonN’s 36th pro-
blem the folution by this means appears to be abfurd : for,in
the particular cafe in which C is the oldeft of the three lives,

o)
s that

the value of the reverfionary annuity becomes = <=

is, the value of an annuity in this cafe during the life of C
after B and A, provided A dies firft, is the fame whatever be
the age of B; for no mention is made of his life in the fore-
going expreflion. It fhould be obferved, however, that the
rule itfelf is ftri€tly true, and that the error arifes from Mr.
SimpsoN’s having been mifled by the hypothefis in determin-
ing the probability of B’s dying after A in his inveftigation of
the 34th problem, which is applied to the folution of this
problem *, |

I have declined giving fpecimens of the different values of
the reverfions as deduced from the foregoing rules and thofe
which have been‘ hitherto publithed, not only from an appre-
henfion of bécoming tedious, but alfo from the convi&tion
that at prefent they are unneceffary ; thofe which I have for-
merly given being, I think, fufficient to prove the inaccuracy
of M. pE Mo1vRre’s hypothefis. In thofe inftances in which I
huve compared fome of the foregoing rules with the approxi-

* It is proper to obferve, that I have followed Mr, Simpson’s method of
determining this contingency in the 23d, 24th, 28th, and 2gth Problems in my
Treatife on Annuities,

4 mations
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mations now 1n ufe, I have invariably found the latter to be
erroneous ; nay, in fome cafes, the values were almoft twice
as great as they ought to have been. ‘This is particularly true
when one of the lives is very young, and both or either of the
other lives are very old. In reverfions of this kind I believe
that this is generally the cafe, and that it feldom happens that
the ages of the three lives are nearly equal.  The approxima-
tions therefore can hardly ever be ufed with fafety, and it will
certainly be moft prudent not to have recourfe to them when
the corre& values can be obtained. Should the difficulties
attending the folution of the remaining problems which in-
volve three lives be {furmounted (and the tatk may not perhaps
be impoffible), the hypothefis of an equal decrement of life, as
far as it relates to any ufeful purpofe in the do&rine of annui-
ties, may then be totally abandoned. Or fhould it even be
found impraéticable to deduce folutions of thofe problems
which are ftritly and accurately true; yet, I am fatisfied from
my own experience that fuch near approximations may be pros
cured as to render this hypothefis equally unneceffary.




